We study the time-space fractional Schrödinger equation with a nonlocal potential. By the method of Fourier transform and Laplace transform, the Green function, and hence the wave function, is expressed in terms of H-functions. Graphical analysis demonstrates that the influence of both the space-fractal parameter α and the nonlocal parameter ν on the fractional quantum system is strong. Indeed, the nonlocal potential may act similar to a fractional spatial derivative as well as fractional time derivative. C
I. INTRODUCTION
The fractional calculus has penetrated every fields of science and engineering, 1-4 including quantum mechanics. 5, 6 In physics, especially quantum mechanics, the Schrödinger equation is an equation that describes how the quantum state of a physical system changes in time. It is as central to quantum mechanics as Newton's laws are to classical mechanics. The time-dependent one-dimensional Schrödinger equation is given by
where ψ(x, t) and V (x, t) denote the wave function and the potential, respectively. It is well known that the Feynman and Hibbs use path integral over Brownian paths to derive the standard Schrödinger equation. 7, 8 A path integral over the Lévy-like quantum-mechanical paths allows one to develop a generalization of quantum mechanics; namely, if the path integral over Brownian trajectories leads to the well-known Schrödinger equation, then the path integral over Lévy trajectories leads to the space fractional Schrödinger equation. In 2000, Laskin 5 first generalized the Feynman path integral to the Lévy one and developed fractional quantum mechanics. The Lévy process is characterized by the Lévy index α(1 < α ≤ 2). When α = 2 we have the Gaussian process or the process of the Brownian motion. Afterward, Laskin 6 studies an impact of integration over the paths of the Lévy fights on the structure of a free particle quantum mechanical kernel. The kernel has been expressed in terms of H-function. In 2004, 9 a fractional time derivative is introduced in the quantum mechanics by analogy with the fractional Fokker-Planck equation, as well, by means of the Wick rotation of time t → −it/ . The time fractional Schrödinger equation, which has a Caputo fractional time derivative, is first considered by Naber.
9 Its generalization to time-space fractional quantum dynamics is performed by Wang and Xu. 10 By using integral transform technique, the generalized Schrödinger equation for free particle and an infinite rectangular potential well are solved. Dong and Xu 11 develop a space-time fractional Schrödinger equation containing Caputo fractional derivative and the quantum Riesz fractional operator. By use of the new equation they study the time evolution behaviors of the space-time fractional quantum system in the time-independent potential fields and a) Electronic mail: wqjxyf@sdu.edu.cn. b) Electronic mail: htqi@sdu.edu.cn. two cases that the order of the time fractional derivative is between 0 and 1 and between 1 and 2 are discussed, respectively. Recently, Iomin 12 studies fractional time Schrödinger equation and shows that for fractional time derivative β = 1/2 the fractional Schrödinger equation is isospectral to a comb model. These generalizations may describe more extensive fractal phenomena in the microcosmic world.
Many of the above studies are concentrated on zero potential or time-independent potentials. At present, the time-space fractional Schrödinger equations with time-dependent potentials and a nonlocal term have not received much attention. It is the purpose of this paper to build a time-space fractional Schrödinger equation with a nonlocal term, in which the Schrödinger equation mentioned before will emerge as a particular case. This paper is organized as follows. In Sec. II, we first build a time-space fractional Schrödinger equation with a nonlocal term and show that the introduction of time fractional derivative to the Schrödinger equation causes nonconservation of probability no matter whether the space term is fractional or not. In Sec. III, exact and explicit expressions for Green's function and solutions of time-space fractional Schrödinger equation with a nonlocal term are obtain for kernel U (x, t) = δ(t)/2cos
νπ 2 (−ν)|x| 1+ν , and
δ(x). In Sec. IV, the numerical results are given to illustrate the probability distribution of wave function. The time evolution properties of the time-space fractional quantum system are investigated. In Sec. V, we present our conclusions.
II. TIME-SPACE FRACTION SCHRÖDINGER EQUATION WITH A NONLOCAL TERM
The space fractional effective Hamiltonian obtained by Lenzi 13 reads
and the dynamical equation for ψ(r, t) is given by
where ψ † (r, t) and ψ(r, t) are second quantized operators, m α is an effective constant, and (− ) α 2 is quantum Riesz fractional derivative 5, 14 defined by
V (r, t) represents an external field present in the system and the last term is the interaction between the components of the system. After the model of Lenzi's work, 13 we consider the following space fractional Schrödinger-like equation in one dimensional with a nonlocal term:
is "fractional quantum diffusion coefficient" with physical dimension,
[D α = 1/2m for α = 2] and the last term represents a nonlocal term acting on the system and kernel U (x, t) contains the nonlocal dependence. The last term of Eq. (5) may be associated with non-Markovian processes similar to those ones found in anomalous diffusion. [15] [16] [17] In particular, for U (x, t) = 0, V (x, t) = 0 the free particle case is recovered.
To fractionalize the time derivative of the Schrödinger equation care must be taken to preserve the units of the wave function. After the model of Naber's work, 9 we first introduce the definitions and the relationships of the Planck units,
where L p , T p , M p , and E p are Planck length, time, mass, and energy; G and c are gravitational constant and speed of light, respectively. So the space fractional Schrödinger-like equation (5) in one dimension can be expressed in the dimensionless form as
(7) Substituting the Caputo fractional derivative for the first order derivative over time, Eq. (7) can be fractionalized as (in one dimension) 
Equation (8) is a time-space fractional Schrödinger-like equation with a nonlocal term. With the help of Eq. (6), Eq. (8) can be rewritten as
(10) Note an identity for Caputo derivatives
Eq. (10) can be rearranged as
Now we can study the time evolution of probability density P = ψψ * (* denotes complex conjugation) in the time-space fractional quantum system,
Substituting Eq. (12) into Eq. (13) yields
and V is real function. This has the similar form associated with the conservation of probability P and current density J , in which there is a source S. Thus, it is reasonable to interpret J (x, t) given by the following equation as a probability current density:
Equation (14) becomes
where
so similar to the case that 0 < β < 1, α = 2 and U = 0, V = 0 (see Ref. 9) , there is no conservative probability for this quantum system (including the case of free particle). In other words, the introduction of time fraction derivative to the Schrödinger equation causes nonconservation of probability no matter whether the space term is fractional or not. Note that for β → 1, α → 2 we recover the case of Lenzi et al. 17 Moreover, taking U (x, t) = δ(t)Ū (x), with the functionŪ (x) real and symmetric, it can be shown that the right-hand side of Eq. (16) would be 0, which means the probability is conservative at above case.
III. EXACT SOLUTIONS OF THE EQUATION
Let us start our analysis by considering Eq. (10) in the presence of nonlocal term U (x, t) = f (t)g(x) and in the absence of external potential. By employing fractional Fourier transforms, 
for nonlocal term, we have 
whereψ( p, 0) is the Fourier transform of the initial condition and˜Ḡ( p, s) is Green's function of Eq. (10) in the Fourier-Laplace space by taking the boundary condition ψ(±∞, t) = 0. Note that for˜Ū ( p, s) =ḡ( p)f (s) = 0, we obtain the Green function of time-space fractional Schrödinger equation for free particle case. Moreover, taking β = 1, α = 2, we recover the usual Green's function for the free particle case (nonfractional). Now let us consider three special cases.
In the following part, we mainly consider the case of β = 1. Considering Eq. (20) 
By performing the inverse Laplace transform, Eq. (21) is reduced tō
Taking into account the identity
] denotes H-function. 19 By use of inverse Fourier transform, we arrive at
cos px/ dp.
Using the formula of Fourier cosine transform of H-function, 20 Eq. (24) can be evaluated as follows:
This is the exact Green's function for fractional Schrödinger equation with a nonlocal term and the wave function is given by
Equation (25) .
(27)
Moreover, taking α = 2 in Eq. (27) and applying the series expansion of H-function, 19 Eq. (27) becomes
By substituting n → 2l and using relation (2l)! ( 
Case II: U (x, t) = 
To find the solution for this case, we start by applying inverse Laplace transform. Applying the procedure presented in Refs. 21 
where E α,β (z) is the generalized Mittag-Leffler function defined by
and
Taking into account the identity,
and applying the property of H-function, 19 Eq. (31) can be rewritten as By applying inverse Fourier transform and by using the same way as deriving Eq. (25), Eq. (33) becomes
The wave function is given by
In the limiting case α → 2, β → 1, Eq. (34) reduces to which has the same form as the result given by Lenzi et al. 17 Case III: U (x, t) = 
here we use the integral 
By using the same way as deriving Eq. (34), the Green function for this case is given by .
Putting in Eq. (39) α → 2, β → 1, we obtain .
This is the Green function of classical Schrödinger equation with a nonlocal term. 
IV. NUMERICAL RESULTS
In the following the numerical results are given to illustrate the time evolution properties of the probability density |ψ(x, t)| 2 . By using Eqs. (25) and (26), We plot some figures to show the effect on the probability density |ψ(x, t)| 2 , of the changing α which also denotes the fractal dimension of the Lévy-like quantum mechanical path, of the changing ν which may be related to a fractional derivative for a suitable choice of ν. Assuming that the particle is an electron, then the value of D α is D α = c 2−α /(αm α−1 ) which is dependent on α. Without loss of generality, the value of the velocity c is chosen to be 10 × 10 6 of the speed of light in the vacuum (see Ref. 24) . For the sake of simplicity we take E p T p = = 1, m = 1, c = 2997.9245, and the initial condition ψ(x, 0) = δ(x) in all figures. Figure 1 demonstrates the change of probability density curves with time for different values of α and ν. From it we find that the effect of fractal parameter α and nonlocal term parameter ν on fractional quantum system is greater for small time (in Fig. 1 , t < 1) and smaller after some point in time (in Fig. 1, t > 1) . Figure 2 illustrates |ψ(x, t)| 2 versus x for different values of t = 0.5, 1.0, 1.5, 2.0 when α = 1.9, ν = 1.5. It is clearly seen that the smaller the t is, the greater the probability density is. Figure 3 includes two figures which correspond to |ψ(x, t)| 2 for different values of α when ν = 1.5 and ν = 1.2, respectively. Figure 4 includes two figures which correspond to |ψ(x, t)| 2 for different values of ν when α = 1.9 and α = 1.95, respectively. From Figs. 3 and 4 we find that the greater the α and ν is, the greater the |ψ(x, t)| 2 will be. By comparing Fig. 3 with Fig. 4 , one notes that the influence of both fractal parameter α and nonlocal term parameter ν on fractional quantum system is strong and the effect trend of fractal parameter α is consistent with nonlocal term parameter ν. We also find that all curves are easier to approach the classical results of probability distribution (α = 2), the farther x is away from the origin. In fact, the nonlocal term may be related to a spatial fractional derivative for a suitable choice of ν. Figure 5 demonstrates contour plot of |ψ(x, t)| 2 when α = 1.95 and α = 2.
V. CONCLUSIONS
In this paper, we study the time-space fractional Schrödinger equation with a nonlocal term, which is based on the fractional path integral and fractional Brownian motion. By the means of the Fourier transform and the Laplace transform, exact and explicit expressions for Green's function and solutions of time-space fractional Schrödinger equation with a nonlocal term are obtained for kernel U (x, t) = δ(t)/2cos νπ 2 (−ν)|x| 1+ν , U (x, t) = δ(x). In the limiting cases when α → 2 and β → 1, our solutions reduce to those corresponding to standard quantum mechanics (nonfractional). So this model is more useful compared with the classical Schrödinger equation.
